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Confining light in open structures is a long-sought goal in nanophotonics and cavity quantum
electrodynamics. Embedded eigenstates provide infinite lifetime despite the presence of available
leakage channels, but in linear time-invariant systems they cannot be excited from the outside, due
to reciprocity. Here, we investigate how atomic nonlinearities may support single-photon embedded
eigenstates, which can be populated by a multi-photon excitation followed by internal relaxation.
We calculate the system dynamics and show that photon trapping, as well as the reverse release
process, can be achieved with arbitrarily high efficiencies. We also discuss the impact of loss, and a
path towards the experimental verification of these concepts.
Trapping light in an optical cavity for times much
longer than dissipative and dephasing timescales is es-
sential to enhance light-matter interactions. Light con-
finement is conventionally achieved in open structures by
suppressing unwanted radiation channels, e.g., with mir-
rors or photonic band-gap materials. However, radiation
loss is never totally suppressed in conventional open res-
onators. Moreover, due to reciprocity, an idealized loss-
less cavity would also be decoupled from the outside, thus
making it impossible to inject energy or to detect its in-
ternal state. Reciprocity, thus, prevents realizing linear
time-invariant systems that can both efficiently collect
and perfectly confine light.
Recently, there has been significant interest in em-
bedded eigenstates (EEs), also known as bound states
in the continuum [1], optical states in open resonators
that are ideally confined despite the presence of avail-
able radiation channels. Several mechanisms to form EEs
have been discussed [2–11], and their existence has been
demonstrated in optical waveguides [4, 5, 7, 9], photonic
crystal slabs [6, 12], and nanostructures [8]. Despite their
fundamentally interesting physics, in linear systems an
EE is bound by reciprocity: ideal confinement implies
that energy cannot be injected from the outside. Possi-
ble solutions to this problem have been proposed in clas-
sical systems by exploiting Kerr nonlinearities [10, 13].
Indeed, the existence of an EE requires satisfying a strict
destructive interference condition involving the geomet-
rical parameters of the system. Thus, if the refractive in-
dex depends on the local intensity, the EE existence can
be triggered dynamically, trapping part of the imping-
ing radiation. However, due to the inherent weakness of
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classical nonlinearities, these approaches typically require
large optical powers, and they can trap only small frac-
tions of the incident radiation. This hinders applications
of these concepts for quantum information and low-power
optoelectronics, where the on-demand trapping and re-
lease of few-photons, controlled by few-photon pulses, is
highly desirable.
In this Letter we propose and theoretically investigate
the possibility of creating and exciting single-photon EEs
by combining optical cavities and atoms. In contrast with
previous approaches, here the EE excitation does not re-
quire tuning dynamically the system parameters. Indeed,
thanks to atomic nonlinearities, the proposed EE inher-
ently exists only when a single photon is present. The
system is therefore transparent upon a single-photon ex-
citation, but it can instead absorb a multi-photon excita-
tion, and the subsequent internal relaxation of the system
allows to populate the EE. We focus on two-photon ex-
citation, showing that the trapping process, whereby one
photon is trapped in the EE and the other is re-emitted
by the system, can occur with efficiencies arbitrarily close
to unity, only limited by the capability of shaping the
two-photon pulse. Due to time-invariance, the inverse
process is also possible: a photon stored in the EE can
be released if the system is excited by a single photon.
Even considering realistic losses in the system, the pro-
posed mechanism allows storing single photons for a time
much longer than the one obtainable with a single cavity,
while preserving the same excitation rate. In the follow-
ing, we focus on a simple system composed by one cavity
and one atom. However, the approach can be readily
generalized to multi-cavity systems, which may offer a
more realistic framework for an experimental realization
of the proposed mechanism.
Model. A straightforward condition to induce an EE
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2FIG. 1. Embedded eigenstates due to destructive interference
in classical and quantum systems. (a) Two optical cavities
are mutually coupled, and they interact with a single-mode
waveguide. An EE is supported when eq. 1 holds. (b) Time
evolution of the cavity intensities (red and green lines), upon
a Gaussian pulse excitation (blue shaded area). Parameters:
ω2 = 0.96ω1,V1 =
√
0.01vgω1, V2 = 0.5V1. (c) Same model as
in (a), but with cavity 1 replaced by a two-level system. (d)
Time evolution of cavity (red line), atom (green line) and EE
(black dashed line) occupation probability upon a coherent
pulsed excitation containing average photon numbers 〈N〉 =
1, 2 and 4. System and pulse parameters are the same as in
(b), with ‘1’→‘A’ and ‘2’→‘C’.
in coupled systems has been proposed in [2]. Following
a similar scheme, consider the classical system (Fig. 1a)
formed by two optical cavities resonating at frequencies
ω1 and ω2, and mutually coupled with a coupling rate
J . The cavities interact with a single-mode 1D waveg-
uide with coupling strengths V1 and V2, respectively, de-
fined such that Γ1,2 ≡ 2piV 21,2/vg is the decay rate of
the cavity amplitudes into the waveguide [14, 15], and
vg is the waveguide group velocity. We assume that,
within the narrow spectral range of interest, the waveg-
uide has a linear dispersion, and V1,V2 do not depend
on frequency. The two-cavity system supports coupled
eigenmodes that, due to the presence of the waveguide,
are lossy. When the destructive interference condition
(ω1 − ω2)V1V2 = J(V 21 − V 22 ) (1)
is satisfied, one of the two coupled modes becomes lossless
[2], realizing a bound state within the radiation contin-
uum, while the amplitude decay rate of the other (bright)
mode is Γ ≡ 2pi(V 21 + V 22 )/2vg. Due to linearity, this
EE exists for arbitrary intracavity intensity, i.e, for any
number of photons. A light trapping mechanism based
on destructive interference between cavities coupled to a
waveguide was also proposed in [16].
Reciprocity dictates that this EE cannot be excited
from the waveguide, since a zero radiative decay rate im-
plies that energy cannot be injected from the outside.
When a quasi-monochromatic waveguide pulse (Fig. 1b,
blue shaded area), centered at the EE frequency, im-
pinges on the system [set in the EE condition 1], it
creates transient cavity fields (green and red lines) that
quickly vanish after the pulse, showing that no energy is
stored. Classical nonlinearities inside one of the cavities
may overcome this constraint by breaking linearity [13].
Here, we employ a radically different approach, assum-
ing that one of the two resonators is inherently nonlinear
at the few-photon level, as in the case of natural or ar-
tificial atoms. We thus replace one of the two cavities
with a two-level atom, and the system parameters are
re-labelled accordingly (Fig. 1c). Here we assume that
the cavity and the atom couple to each other directly at
a rate J , and they interact with the waveguide at the
same point x = 0. This formulation can be extended
to the case of nonzero cavity-atom separation, where the
direct coupling J is replaced by the waveguide-mediated
coupling, and the atom-cavity distance determines the
EE condition. The existence of bound states in pairs of
atoms embedded in linear waveguides has been discussed
recently [17, 18], but their excitation and release dynam-
ics have not been investigated.
The Hamiltonian of the system in Fig. 1c reads (~ = 1)
Hˆ =HˆAC +
∫ +∞
−∞
dk ωk cˆ
†
k cˆk+
+
∫ +∞
−∞
dk
[
cˆ†k(Vcaˆ+ VAσˆ−) + h.c.
] (2)
where HˆAC = ωcaˆ
†aˆ + ωAσˆ+σˆ− + J (aˆσˆ+ + h.c.) is the
standard Jaynes-Cummings Hamiltonian, ωc (ωA) is the
angular frequency of the cavity (atom), aˆ is the anni-
hilation operator of the cavity, σˆ± are the Pauli oper-
ators describing the two-level atom, and cˆk annihilates
a waveguide mode with wavevector k and frequency ωk.
Since Hˆ preserves the total number of excitations N ,
we can separately study the dynamics for each value
of N . An N -excitation EE is obtained if Hˆ has an
eigenstate |Ψ(N)EE 〉 entirely localized in the atom-cavity
system, i.e., |Ψ(N)EE 〉 = C(N) |N, g〉 + A(N) |N − 1, e〉,
where |m,σ〉 denotes the state with m photons in
the cavity and the atom excited (σ=‘e’) or in the
ground (σ=‘g ’) state. Requiring that this state satisfies
the time-independent Schrodinger equation leads to the
condition VC
√
NC(N) |N − 1, g〉 + VAA(N) |N − 1, g〉 +
VC
√
N − 1A(N) |N − 2, e〉 = 0 which, for V1, V2 6= 0, can
be satisfied only for N = 1 and VCC
(N) + VAA
(N) = 0
(this condition is equivalent to (1) [19]). The atom-cavity
system in Fig. 1c supports therefore a single-photon EE,
|Ψ(1)EE〉 ∝ (VC σˆ+ − VAaˆ†) |0〉, with frequency ω(1)EE , and
a bright single-photon state |Ψ(1)B 〉 ∝ (VAσˆ+ + VC aˆ†) |0〉
with frequency ω
(1)
B and decay rate Γ ≡ 2pi(V 2A+V 2C)/2vg;
however, no EE exists for N > 1, in strong contrast with
the classical case. In particular, in the two-excitation
scenario N = 2 both eigenstates are lossy but, when con-
dition 1 is met, one of them with frequency ω
(2)
B has a
decay rate comparable to Γ, while the other one, at fre-
quency ω
(2)
D , has a much smaller decay rate [19]. We
3therefore obtain an EE with strongly nonlinear behavior
on the input power: a single impinging photon cannot
interact with the system (with a dynamics similar to the
classical linear system, Fig. 1b); while a multi-photon
excitation, even at the EE frequency, can excite one or
more higher-energy bright states. These states then de-
cay into single-excitation states through internal relax-
ation, thus trapping a portion of the excitation in the EE.
The single-photon EE |Ψ(1)EE〉 bears analogy to the dark
states obtainable in Lambda-type atoms by finely tuning
two classical control lasers [20]. In our system, however,
the EE existence is set only by the atom-cavity detuning
and coupling strengths and, importantly, it does not re-
quire any external control laser or field to trap radiation.
We verified the expected trapping behavior by apply-
ing input-output theory [21] to the Hamiltonian (2) and
calculating [22] the system response upon a coherent
pulsed excitation with average photon numbers 〈N〉 (see
[19] for details). In order to compare the quantum and
classical scenarios, the system and excitation parameters
in Figs. 1(c-d) are set equal to the ones in figs. 1(a-
b) (with ‘1’→‘A’ and ‘2’→‘C’). Figure 1d shows the dy-
namics for three values of 〈N〉: after a short transient
created by the pulse, the cavity and atom populations
initially decay, until a steady-state with nonzero popula-
tion is reached, where the energy is trapped in the EE
(black dashed line). In agreement with the previous dis-
cussion, the EE features a precise balance between atom
and cavity populations, following VCC
(1) + VAA
(1) = 0.
Next, we consider a two-photon input, in order to ver-
ify whether trapping can occur not only for coherent ex-
citation. Specifically, we investigate the trapping process
in which two photons impinge on the system but only one
emerges, as the other one is trapped in the EE. We ap-
ply real-space formulation to the waveguide Hamiltonian
[14, 23] (vg = 1 from now on)
Hˆ = HˆAC + HˆWG+
+
√
2pi
∫
dxδ(x)
{[
cˆ†R(x) + cˆ
†
L(x)
]
(Vcaˆ+ VAσˆ−) + h.c.
}
(3)
where cˆ†R(x) [cˆ
†
L(x)] is the annihilation operator of a
right[left]-propagating waveguide photon at position x,
and HˆWG = −i
∫
dx
[
cˆ†R(x) ∂x cˆR(x)− cˆ†L(x) ∂x cˆL(x)
]
.
We introduce even (‘e’) and odd (‘o’) waveguide modes
[14], defined by cˆ†e/o(x) =
[
cˆ†R(x)± cˆ†L(−x)
]
/
√
2, and
discard the presence of the odd mode as it does not in-
teract with the rest of the system. We focus therefore on
the Hamiltonian
Hˆe = HˆAC − i
∫
dx cˆ†e(x) ∂x cˆe(x)+
+
∫
dxδ(x)
[
cˆ†e(x)(V˜C aˆ+ V˜Aσˆ−) + h.c.
] (4)
where V˜A/C ≡ 2
√
piVA/C . By definition, an even-mode
photon propagates only towards the +x direction, and
it corresponds to a single photon impinging on the sys-
tem symmetrically from both directions. A general two-
photon state of the system can be written as
|ψ〉 =
[∫
dx1dx2χ(x1, x2)cˆ
†
e(x1)cˆ
†
e(x2)/
√
2+
+
∫
dx
(
φA(x)σˆ+ + φC(x)aˆ
†) cˆ†e(x)+
+EAC aˆ
†σˆ+ + E2C(aˆ†)2/
√
2
]
|0〉
where χ(x1, x2) is the probability amplitude of hav-
ing two photons in the waveguide at positions x1 and
x2, φA(x) [φC(x)] is the probability amplitude of hav-
ing one excitation in the atom [cavity] and one pho-
ton in the waveguide at x, and EAC (E2C) is the prob-
ability amplitude of having one excitation in the cav-
ity and one in the atom (two excitations in the cav-
ity). Note that χ(x1, x2) = χ(x2, x1) to satisfy boson
statistics. By applying the time-dependent Schrodinger
equation, we obtain differential equations for all prob-
ability amplitudes [18]. In the two-photon sector, the
single-photon EE can be written as |Ψ(1)EE〉 ∝ (VC σˆ+ −
VAaˆ
†)cˆ†e(x) |0〉, describing an excited single-photon EE
and a second photon at position x in the waveguide. The
FIG. 2. (a) Trapping process: a two-photon Gaussian state
impinges on the system, exciting the EE with probability of
about 0.5. (b) Release process: a single-photon Gaussian
state impinges on an initially excited EE. System parameters
in (a-b) are the same as in Fig. 1d, and σ = 1/Γ, k = ω
(1)
B .
(c-d) Excitation probability of the EE for t→ +∞ versus (c)
VC/VA and σ (for k = ω
(1)
B ) and (d) k and σ (for VC/VA =
0.5). All other parameters are the same as in (a,b). The black
horizontal stripe in (c) corresponds to the values of VC/VA
that result in J > 0.1(ωA + ωc)/2. Horizontal lines in (d)
indicate the frequencies of single- and two-excitation states.
4EE occupation probability, therefore, reads PEE(t) =∫
dx|VCφA(x, t) − VAφC(x, t)|2/(V 2A + V 2C). With a
home-built FDTD code [24] we calculated numerically
the system dynamics upon a two-photon initial state
|ψ(t = 0)〉 = ∫ dx1dx2χIN (x1, x2)cˆ†e(x1)cˆ†e(x2) |0〉 /√2,
where χIN (x1, x2) 6= 0 only for x1, x2 < 0.
We initially focus on a Gaussian input defined by
χIN (x1, x2) ∝ [fA(x1)fB(x2) + fB(x1)fA(x2)] where
fα(x) ≡ exp
[−(x− xα)2/2σ2α] · exp [ikαx]. The sys-
tem is set in the EE condition (same parameters as in
fig. 1 d) and the two impinging photons are in the
same state (xA = xB = −5/Γ, σA = σB ≡ σ and
kA = kB = k) and resonant with the bright single-
photon mode (k = ω
(1)
B ). At t = 5/Γ the two-photon
packet reaches the atom-cavity system, exciting single-
and two-excitation states of the cavity-atom system (fig.
2a). After a short transient, the system reaches a steady-
state with a nonzero population of the atom and cavity,
corresponding to PEE ≈ 0.5. Thus, even with simple
pulse shapes, the trapping process occurs with relatively
high probability. As shown in Figs. 2(c-d), the EE ex-
citation probability PEE(t→∞) depends sensitively on
the ratio VC/VA and on the bandwidth and carrier fre-
quency of the two-photon pulse. In particular, for the
parameters considered here, PEE(t → ∞) is maximized
for VC/VA ≈ 0.5 (Fig. 2c). Note that for a fixed finite
detuning ωA−ωc 6= 0 the value of J set by (1) diverges as
VC/VA → 1, thus making the Jaynes-Cummings model
not valid. We therefore removed from Fig. 2c the points
where J > 0.1(ωc + ωA)/2 (black stripes). The depen-
dence of the EE final population on k (Fig. 2d) con-
firms that the excitation of higher-energy levels happens
trough the single- and two-photon bright modes of the
system (dashed and dashed-dotted black lines in Fig.
2d). Moreover, the final EE population is maximized
when σ · Γ ≈ 1 , where Γ is the decay rate of the single-
photon bright mode (which is similar to the decay rate
of the two-photon bright mode [19]). This corresponds
to the conjugate matching condition in classical systems,
and agrees with the fact that energy can be injected in
the system only through bright modes, and that a radia-
tive state is optimally excited when the pulse duration is
equal to the state lifetime [25].
As the system dynamics is fully linear in a subspace
with a fixed excitation number, a trapped photon can be
released by simple time reversal. In this case, the initial
state is
|ψ(t = 0)〉 =
∫
dxF (x)cˆ†e(x) |Ψ(1)EE〉 ,
i.e., a photon is trapped in the EE and a single-photon
wave-packet, described by F (x)[F (x > 0) = 0], impinges
on the system. Figure 2b shows the system evolution
when F (x) is a Gaussian pulse (same parameters as in
Fig. 2a). After the single-photon pulse (not shown in the
plot) reaches the system at t = 5/Γ, the energy stored
in the EE is released almost completely, with a residual
FIG. 3. (a) Two-photon final state obtained when the EE
is released by a single photon Gaussian packet (see text for
details). (b) Evolution of the cavity-atom system when using
the state in (a) as an initial two-photon state.
population smaller than 0.05.
Much higher efficiencies in the trapping process can be
obtained by using different two-photon pulse shapes. An
optimal pulse can be calculated by optimizing the (in-
verse) release process. Indeed, if a single-photon pulse
Fopt(x) can be found such that, when impinging on an
excited EE, the final state contains only two propagating
photons (i.e., only χ(x1, x2) 6= 0 for t → +∞), the ob-
tained two-photon state can be used as an input state to
achieve unity efficiency in the trapping process. It can be
shown [19] that the optimal single-photon pulse Fopt(x) is
the solution of a homogenous second-kind Volterra equa-
tion with a continuous kernel, which admits only the triv-
ial solution Fopt(x) = 0 [26]. However, it is possible to
satisfy the requirement with arbitrarily high accuracy,
albeit not identically unitary, by using Gaussian pulses
with increasing spatial widths [19]. For example, when
Fopt(x) ∝ exp[−(x − x0)2 + iω(1)B ] with σ = 5/Γ, after
the release process the EE occupation probability (not
shown here) is lower than 0.03. The corresponding final
two-photon state [Fig. 3a, already mirrored across the
origin (x1, x2) = (0, 0)] is now used as an input state for
the trapping process (Fig. 3b). The EE population now
reaches values PEE(t → ∞) ≈ 0.98, indicating a very
high probability of trapping one photon. We note that,
differently from the two-photon Gaussian state, the op-
timized χIN (x1, x2) (Fig. 3a) is squeezed along the line
x1 = x2; a spatial bunching of the two photons is there-
fore beneficial in increasing the EE excitation efficiency.
Any realistic implementation of this concept will be
affected by the presence of losses, which fundamentally
prevent an infinite confinement of the trapped photon.
However, as long as the decay rates of atom and cav-
ity into the waveguide (ΓA,C ≡ 2piV 2A,C/vg) are much
larger than these additional decay rates (denoted Γ′A,C),
the system allows storing a single-photon excitation in
the EE for times much larger than those obtainable by
a single cavity or atom. This can be clearly seen by
comparing, e.g., the two-photon excitation of the cavity-
atom system (set in the EE condition) with the case of
a single cavity with same values of ΓC and Γ
′
C (we ne-
5FIG. 4. (a) Cavity population upon two-photon Gaussian excitation for the atom-cavity system set in the EE condition (solid
lines) and for the case where only the cavity is present (dashed lines). In both cases the cavity has an additional decay rate
Γ′C . The system and excitation parameters are the same as in Fig. 2a. (b) A different implementation based on two coupled
cavities and atom that support two single-photon EE. (c) Dynamics of the system shown in (b), set in the EE condition (5),
for a coherent pulsed excitation with average photon number 〈N〉=2. Parameters are the same as in fig. 1b, and J = 0.003ω1,
ωA = ω1.
glect atomic losses, as they are typically much smaller
than cavity losses). As shown in fig. 4a, the excita-
tion trapped in the atom-cavity system (solid lines) has
now a finite lifetime that decreases as Γ′C increases; how-
ever, for Γ′C/ΓC ≤ 0.2 the decay rate of the atom-cavity
case is much smaller compared to the one of a single
cavity (dashed lines). The excitation rates are instead
almost the same in the two cases. We note that val-
ues of Γ′C/ΓC ≤ 0.1 have been already demonstrated
experimentally in different waveguide-cavity [26, 27] and
waveguide-atom [28, 29] configurations.
So far, we have analyzed a simple system where atom
and cavity are coupled to each other and to the waveg-
uide. This may be challenging to achieve experimentally,
since, in order to have a relevant atom-cavity interaction,
the atom is normally placed inside the cavity, which then
makes the atom-waveguide direct interaction very weak.
However, the proposed trapping mechanism can be ex-
tended to multi-cavity systems, which can be easier to
implement. An example is shown in Fig. 4b; here, two
cavities interact with each other and with the waveguide
(similar to the case in Fig. 1a), and one atom is placed
inside the first cavity, interacting with it at a rate g. By
performing a similar analysis, we find that this system
supports two different single-photon EEs, which occur
when the system parameters satisfy the condition
(ω1−ω2)V1V2 = J(V 21 −V 22 ) +
V 21 V2g
2
V2J + V1(ωA − ω2) . (5)
Therefore, as confirmed by numerical calculations of the
response of the system to a pulsed coherent excitation
(Fig. 4c, see caption for parameters), also this structure
can trap the impinging radiation in the EEs. In general,
both EEs (dashed and dotted-dashed lines in Fig. 4c)
are excited in the trapping process, but the system and
pulse parameters can be tuned in order to trap radiation
preferentially in one of the two.
To conclude, we proposed and theoretically investi-
gated the dynamics of a coupled cavity-atom system sup-
porting single-photon EEs based on atomic nonlinear-
ities. We demonstrated that the trapping of a single
photon upon a two-photon excitation can occur with ar-
bitrarily high efficiencies if the shape of the impinging
pulse can be suitably tailored. Even considering realis-
tic losses [26–29], the proposed mechanism allows stor-
ing single photons for a time much longer than the time
needed to excite the EE, in contrast with single-cavity
or single-atom configurations. Moreover, the principle is
extendable to experimentally feasible systems composed
of, for example, two cavities with one of them containing
the atom. These findings open exciting opportunities for
quantum communications and computing, as well as for
attojoule optoelectronic systems.
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